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FREE PRODUCTS OF DIGROUPS
GUANGLIANG ZHANG∗ AND YUQUN CHEN♯
Abstract. In this paper, we give a construction of a free product of two digroups.
1. Introduction
Lately, the Loday structures such as dialgebras, trialgebras, dimonoids, digroups and other have
been actively studied. In particular, the study of algebraic properties of digroups has attracted
considerable attention. A digroup is a set with two binary associative operations satisfying
additional conditions. This algebraic structure generalizes the notion of a group. Digroups were
introduced to provide a partial solution to the coquecigrue problem of generalizing Lies Third
Theorem for Leibniz algebras, originally proposed in [2]. Using semigroup theory, Kinyon showed
that every digroup is a product of a group and a “trivial” digroup, in the service of his partial
solution to the coquecigrue problem. Of course, digroups are a generalization of groups and play
an important role in this open problem from the theory of Leibniz algebras. In [5], Phillips gave
a simple basis of independent axioms for the variety of digroups. Salazar-Dı´az, Vela´squez and
Wills-Toro [6] studied a further generalization of the digroup structure and showed an analogous
to the first isomorphism theorem. Ongay, Vela´squez and Wills-Toro [4] discussed the notion of
normal subdigroups and quotient digroups, and then established the corresponding analogues of
the classical Isomorphism Theorems. Different examples of digroups can be found in [9]. For further
investigation into the structure of digroups, A.V. Zhuchok proposed some open problems at the end
of his paper [8]. One of the open problems is: “Construct a free product of digroups”.
In this paper, we give constructions of the free product of two digroups, and solve the Zhuchok’s
problem as above.
2. Preliminaries
A disemigroup D is a set equipped with two binary operations ⊢ and ⊣, satisfying each of the
following conditions. For all a, b, c ∈ D,
(2.1)

C1. (D,⊢) and (D,⊣) are both semigroups,
C2. a ⊣ (b ⊢ c) = a ⊣ (b ⊣ c),
C3. (a ⊣ b) ⊢ c = (a ⊢ b) ⊢ c,
C4. a ⊢ (b ⊣ c) = (a ⊢ b) ⊣ c.
An element e in D is called a bar-unit if it satisfies e ⊢ a = a ⊣ e = a for all a ∈ D.
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Let X be a set, X+ the set of all nonempty associative words on X , and X∗ = X+ ∪ {ǫ}, the
free monoid on X , where ǫ is the empty word. Write
[X+]ω := {[u]m | u ∈ X
+,m ∈ Z+, 1 ≤ m ≤ |u|},
where |u| is the length of u. Note that [x]1 = x if x ∈ X . It is well known from [3, 7] that [X
+]ω is
the free disemigroup on X .
Definition 2.1. ([1]) A digroup is a pair (G, 1) where G is a disemigroup and 1 is a bar-unit of G,
satisfying the following condition:
(∀a ∈ G, ∃a−1 ∈ G) a ⊢ a−1 = 1 = a−1 ⊣ a.
A map f from a disemigroup G to a disemigroup H is called a disemigroup homomorphism if for
any a, b ∈ G, f(a ⊢ b) = f(a) ⊢ f(b), f(a ⊣ b) = f(a) ⊣ f(b). Let (G, 1) and (H, e) be digroups. A
disemigroup homomorphism f from (G, 1) to (H, e) is called a digroup homomorphism if f(1) = e.
Let (D, 1) be a digroup, J be the set of all inverses in D and E be the halo of D, that is,
J := {a−1 | a ∈ D}, E := {e ∈ D | e ⊢ a = a ⊣ e = a for all a ∈ D}.
Kinyon [1] showed that J = {a ⊢ 1 | a ∈ D}, J is a group in which ⊢ = ⊣ and as digroups, (D, 1)
is isomorphic to the digroup (E × J, (1, 1)) where in (E × J, (1, 1)), ⊢ and ⊣ are defined by
(u, h) ⊢ (v, k) = (h ⊢ v ⊣ h−1, h ⊢ k), (u, h) ⊣ (v, k) = (u, h ⊣ k).
We shall call J the group part and E the halo part of the digroup (D, 1).
Definition 2.2. Let (D, 1), (D1, e1) and (D2, e2) be digroups and gi : Di → D digroup homomor-
phism, i = 1, 2. Then ((D, 1), (g1, g2)) is called a free product of (D1, e1) and (D2, e2) if, for any
digroup (G, e) and digroup homomorphism fi : Di → G, i = 1, 2, there exists a unique digroup
homomorphism φ : D → G such that the following diagram commutes, i.e. φgi = fi, i = 1, 2.
D1
g1
//
f1
  ❆
❆❆
❆❆
❆❆
❆
D
φ

D2
g2
oo
f2
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
G
It is easy to see that the free product of (D1, e1) and (D2, e2), if it exists, is uniquely determined
up to isomorphism. In this case, we denote the free product of (D1, e1) and (D2, e2) by (D1 ∗D2, 1).
Let D be a disemigroup and it has an expression
D = Disgp〈X |S〉 := [X+]ω/ρ(S)
for some generator setX and defining relations set S ⊆ [X+]ω×[X+]ω, where ρ(S) is the congruence
on ([X+]ω,⊢,⊣) generated by S. If S = ∅, then Disgp〈X〉 := [X+]ω is the free disemigroup on X .
For convenience, for all [u]m, [v]n ∈ Disgp〈X〉, we let [u]m = [v]n stand for the relation
([u]m, [v]n) in Disgp〈X〉 and write [u]m = [v]n in Disgp〈X |S〉 which means that ([u]m, [v]n) ∈ ρ(S).
We denote the equivalent class of [u]m in Disgp〈X〉 by [u]mρ(S). The following lemma gives a
disemigroup presentation for the free product of two digroups equipped with their disemigroup
presentation.
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Lemma 2.3. Let (Di, ei) be a digroup and Disgp〈Xi|Si〉 be a disemigroup presentation for Di with
ei ∈ Xi, i = 1, 2. Then (Disgp〈X1 ∪ X2|S〉, e1ρ(S)) is the free product of (D1, e1) and (D2, e2),
where S = S1 ∪ S2 ∪ {e1 = e2}.
Remark 2.4. Let Xi be a set and (F (Xi), ei) be the free digroup on Xi, i = 1, 2. Then
(F (X1) ∗ F (X2), 1) = (F (X1 ∪X2), 1).
3. A construction of free products of digroups
Let (Ai, ei) be a digroup, i = 1, 2. Write A
◦
1 = A1\{e1} and A
◦
2 = A2\{e2}. Then an associative
word u on A1 ∪ A◦2 is called a reduced word if u = e1 or u = c1c2 · · · cn, n ≥ 1 such that each
ci ∈ A◦1 ∪ A
◦
2 and successive ci, ci+1 are not in the same factor. We denote the set of all reduced
words on A1 ∪A◦2 by Re(A1 ∪ A2).
Let J1 and J2 be two groups with the units e1 and e2 respectively. Then it is known that
J1 ∗ J2 := Re(J1 ∪ J2)
is the free product of the groups J1 and J2 with the unit e1. Then for any word u ∈ (J1 ∪ J2)+,
there is a unique reduced word û ∈ J1 ∗ J2.
Let (Ai, ei) be a digroup with the group part Ji, i = 1, 2. For any x ∈ Ai\Ji, we have x ⊢ ei ∈ Ji
and denote it by x♯. Write A = A1 ∪ A2, J = J1 ∪ J2. Let τ : A∗ → J∗ be the semigroup
homomorphism which is deduced by
y 7→ y, x 7→ x♯, y ∈ J, x ∈ A\J.
Let u ∈ A+. For abbreviation, we let û stand for τ̂(u) and û ∈ J1 ∗ J2.
We can now formulate our main result on constructing A1 ∗A2 explicitly.
Theorem 3.1. Let (Ai, ei) be a digroup with the group part Ji and the multiplicative table Mi:
a ⊢ b = {ab˙}, a ⊣ b = {a˙b}, a, b ∈ Ai, i = 1, 2,
A = A1 ∪ A2, J = J1 ∪ J2. Then a free product of A1 and A2 is
(A1 ∗A2, e1) = Ω = Ω1 ∪ Ω2
where
Ω1 = {[u]1 | u ∈ J1 ∗ J2}, Ω2 = {[pxq]|p|+1 | p, q ∈ J
∗, x ∈ A\J, pxq ∈ Re(A)}
are the subset of [A+]ω, and the operations ⊢ and ⊣ in Ω are as follows: for all [w]n ∈ Ω, [u]1 ∈
Ω1, [pxq]|p|+1 ∈ Ω2,
[w]n ⊢ [u]1 = [ŵu]1, [u]1 ⊣ [w]n = [ûw]1,
[w]n ⊢ [pxq]|p|+1 =

[xq]1, if ŵp = e1,
[v{cx˙}q]|v|+1, if ŵp = vc, where c ∈ J
◦, v ∈ J∗ and x, c ∈ Ai for some i,
[ŵpxq]|ŵp|+1, otherwise,
[pxq]|p|+1 ⊣ [w]n =

[px]1, if q̂w = e1,
[p{x˙c}v]|p|+1, if q̂w = cv, where c ∈ J
◦, v ∈ J∗ and x, c ∈ Ai for some i,
[pxq̂w]|p|+1, otherwise.
Moreover, the group part of (A1 ∗A2, e1) is the Ω1 = J1 ∗ J2 which is exact the free product of the
groups J1 and J2.
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Proof. We first show that (Ω,⊢,⊣) is a disemigroup. Let [w]n, [t]m ∈ Ω, [u]1 ∈ Ω1, [pxq]|p|+1 ∈ Ω2.
Then
([w]n ⊣ [t]m) ⊢ [u]1 = ([w]n ⊢ [t]m) ⊢ [u]1 = [w]n ⊢ ([t]m ⊢ [u]1) = [ŵtu]1.
Indeed, it is easy to see that [w]n ⊢ ([t]m ⊢ [u]1) = [ŵtu]1. We need only consider two cases:
([w]n ⊢ [t]m) ⊢ [u]1 = [ŵtu]1, ([w]n ⊣ [t]m) ⊢ [u]1 = [ŵtu]1.
If [t]m = [u
′]1 ∈ Ω1, then ([w]n ⊢ [t]m) ⊢ [u]1 = [ŵu′]1 ⊢ [u]1 = [ŵu′u]1 = [ŵtu]1. If [t]m =
[p′x′q′]|p′|+1 ∈ Ω2, then
([w]n ⊢ [t]m) ⊢ [u]1 =

[x′q′]1 ⊢ [u]1, if ŵp′ = e1;
[v{cx˙′}q′]|v|+1 ⊢ [u]1, if ŵp′ = vc, where c ∈ J
◦, v ∈ J∗ and x, c ∈ Ai for some i;
[ŵp′x′q′]
|ŵp′|+1
⊢ [u]1, otherwise;
=

[x̂′q′u]1, if ŵp′ = e1;
[ ̂v{cx˙′}q′u]1, if ŵp′ = vc, where c ∈ J◦, v ∈ J∗ and x, c ∈ Ai for some i;
[ ̂wp′x′q′u]1, otherwise;
= [ ̂wp′x′q′u]1 = [ŵtu]1.
The same proof works for ([w]n ⊣ [t]m) ⊢ [u]1 = [ŵtu]1. Similar considerations apply to the
followings.
([w]n ⊣ [t]m) ⊢ [pxq]|p|+1 = ([w]n ⊢ [t]m) ⊢ [pxq]|p|+1 = [w]n ⊢ ([t]m ⊢ [pxq]|p|+1)
=

[xq]1, if ŵtp = e1,
[v{cx˙}q]|v|+1, if ŵtp = vc, where c ∈ J
◦, v ∈ J∗ and x, c ∈ Ai for some i,
[ŵtpxq]|ŵtp|+1, otherwise.
[u]1 ⊣ ([w]n ⊢ [t]m) = [u]1 ⊣ ([w]n ⊣ [t]m) = ([u]1 ⊣ [w]n) ⊣ [t]m = [ûwt]1.
[pxq]|p|+1 ⊣ ([w]n ⊢ [t]m) = [pxq]|p|+1 ⊣ ([w]n ⊣ [t]m) = ([pxq]|p|+1 ⊣ [w]n) ⊣ [t]m
=

[px]1, if q̂wt = e1,
[p{x˙c}v]|p|+1, if q̂wt = cv, where c ∈ J
◦, v ∈ J∗ and x, c ∈ Ai for some i,
[pxq̂wt]|p|+1, otherwise.
([w]n ⊢ [u]1) ⊣ [t]m = [w]n ⊢ ([u]1 ⊣ [t]m) = [ŵut]1.
([w]n ⊢ [pxq]|p|+1) ⊣ [t]m = [w]n ⊢ ([pxq]|p|+1 ⊣ [t]m)
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=

[x]1, if ŵp = q̂t = e1,
[{x˙c}v]1, if ŵp = e1, q̂t = cv, where c ∈ J◦, v ∈ J∗ and x, c ∈ Ai for some i,
[xq̂t]1, if ŵp = e1, xq̂t ∈ Re(A),
[v′{c′x˙}]|v′|+1, if q̂t = e1, ŵp = v
′c′, where c′ ∈ J◦, v′ ∈ J∗ and x, c′ ∈ Ai for some i,
[ŵpx]ŵp+1, if q̂t = e1, ŵpx ∈ Re(A),
[v′{c′x˙c}v]|v′|+1, if ŵp = v
′c′, q̂t = cv, where c, c′ ∈ J◦, v, v′ ∈ J∗ and c′, x, c ∈ Ai for some i,
[v′{c′x˙}q̂t]|v′|+1, if xq̂t ∈ Re(A), ŵp = v
′c′, where c′ ∈ J◦, v′ ∈ J∗ and c′, x ∈ Ai for some i,
[ŵp{x˙c}v]|ŵp|+1, if ŵpx ∈ Re(A), q̂t = cv, where c ∈ J
◦, v ∈ J∗ and c, x ∈ Ai for some i,
[ŵpxq̂t]|ŵp|+1, if ŵpxq̂t ∈ Re(A).
It follows that the operations ⊢ and ⊣ in Ω satisfy axioms C1-C4 in (2.1) and (Ω,⊢,⊣) is a
disemigroup.
We next prove that (Ω, e1) is a digroup. Clearly, e1 is a bar-unit in Ω. Let [u]1 ∈ Ω1, [pxq]|p|+1 ∈
Ω2. Then u, p̂xq ∈ J1 ∗ J2 and in the group J1 ∗ J2, there exist v and w such that vu = uv = e1 =
wp̂xq = p̂xqw. We thus get [v]1, [w]1 ∈ Ω1 and
[v]1 ⊣ [u]1 = [u]1 ⊢ [v]1 = e1, [w]1 ⊣ [pxq]|p|+1 = [pxq]|p|+1 ⊢ [w]1 = e1.
Therefore (Ω, e1) is a digroup.
We now turn to show that (Ω, e1) is the free product of (A1, e1) and (A2, e2). It is easy to
see that Disgp〈Ai|Mi〉 is a disemigroup presentation for the digroup (Ai, ei), i = 1, 2. Let M =
M1 ∪M2 ∪ {e1 = e2}. By Lemma 2.3, (Disgp〈A|M〉, e1ρ(M)) is the free product of (A1, e1) and
(A2, e2). Thus we only need to show that (Ω, e1) is isomorphic to (Disgp〈A|M〉, e1ρ(M)).
We first claim that Disgp〈A|M〉 = {[w]nρ(M)|[w]n ∈ Ω}. Indeed, for any [u]m ∈ Disgp〈A〉, by
using the relations set M , there exist a reduced word v ∈ Red(A) and k ∈ Z+ such that [u]m = [v]k
in Disgp〈A|M〉. Clearly, in the Disgp〈A|M〉, we have
y = y♯, y ⊢ z = y ⊣ z, x ⊢ a = x♯ ⊢ a, a ⊣ x = a ⊣ x♯, y, z ∈ J, x ∈ A\J, a ∈ A.
It follows that
[v]k =
{
[τ(v)]1, if v = pxq, k = |p|+ 1, where p, q ∈ A∗ and x ∈ J ,
[τ(p)xτ(q)]|p|+1, if v = pxq, k = |p|+ 1, where p, q ∈ A
∗ and x ∈ A\J
in the Disgp〈A|M〉 and Disgp〈A|M〉 = {[w]nρ(M)|[w]n ∈ Ω} as claimed.
Let gi : Ai → Disgp〈A|M〉 and fi : Ai → Ω be digroup homomorphisms which are given by
gi(a) = aρ(M), gi(ei) 7→ e1ρ(M), fi(a) = a, fi(ei) = e1, a ∈ A
◦
i , i = 1, 2.
Since Disgp〈A|M〉 is the free product of (A1, e1) and (A2, e2), there exists a digroup homomorphism
f : Disgp〈A|M〉 → Ω such that
f(aρ(M)) = a, a ∈ A1 ∪ A
◦
2.
It is easy to see that f is surjective. Let α, β ∈ Disgp〈A|M〉. As Disgp〈A|M〉 = {[w]nρ(M)|[w]n ∈
Ω}, we can assume that α = [w1]n1ρ(M), β = [w2]n2ρ(M) for some [w1]n1 , [w2]n2 ∈ Ω. If
f(α) = f(β), then [w1]n1 = f([w1]n1ρ(M)) = f([w2]n2ρ(M)) = [w2]n2 in Ω. It follows that
α = [w1]n1ρ(M) = [w2]n2ρ(M) = β and f is injective. Therefore f : Disgp〈A|M〉 → Ω is the
digroup isomorphism and the proof is complete. 
Let X be a set and
gp〈X〉 := {xε1i1 · · ·x
εn
in
| xij ∈ X, εj ∈ {−1, 1}, 1 ≤ j ≤ n, n ≥ 0 with εj+εj+1 6= 0 whenever xij = xij+1}
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be the free group on X with the unit ǫ (the empty word). Then for any word u ∈ (X±1)∗, there is
a unique reduced word u˜ ∈ gp〈X〉.
Example 3.2. Let (F (X), e1) be the free digroup on a set X and (D, e2) be a digroup with the
halo part E = D. Then a free product of (F (X), e1) and (D, e2) is
(F (X) ∗D, e1) = {[e1u]1|u ∈ gp〈X〉} ∪ {[pxq]|p|+1|p, q ∈ gp〈X〉, x ∈ X ∪D
◦} := Ω1 ∪ Ω2,
and the operations ⊢ and ⊣ are as follows: for all [w]n ∈ F (X) ∗D, [e1u]1 ∈ Ω1, [pxq]|p|+1 ∈ Ω2,
[w]n ⊢ [e1u]1 = [e1w˜u]1, [w]n ⊢ [pxq]|p|+1 = [w˜pxq]|ŵp|+1,
[e1u]1 ⊣ [w]n = [e1u˜w]1, [pxq]|p|+1 ⊣ [w]n = [pxq˜w]|p|+1.
Example 3.3. Let (Di, ei) be a digroup with the halo part Ei = Di, i = 1, 2, D = D1 ∪D2. Then
a free product of (D1, e1) and (D2, e2) is
(D1 ∗D2, e1) = D1 ∪D
◦
2
with the halo part E = D1 ∪D◦2 .
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